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It is shown that certain cyclic cubic fields, defined in terms of a parameter, have 
even class-number. 1 1986 Academic Press. Inc 
In the course of an attempt to extend the work of Smith [4] on the 
Euclidean nature of cyclic cubic fields, it has been found that a certain set 
of such fields can be shown to have an even class-number. 
THEOREM. Let B > 1 he an odd positive integer, and put 4d = 21B4 + 1. [j 
the polynomial .x4 - (9B* + 1)~’ - 8xB* + (3B’ - I)‘/4 has no rational zeros 
then the class-number of the cyclic cubic field with discriminant d’ defined bJ% 
is even. 
ProoJ The conjugates of 8 are 
3B4 - B* 
2 
B” 
and $=1-O-& 
Since (1) can be written as 
(1) 
no factor of d divides the index of 8. 
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An integral basis for the field is (1, 0, c$), and E = (34 - l)/ 
(38 - 1) = 64 + 39 - (9B2 + 7)/2 is a unit. E and either of its conjugates E#, 
Q, form a pair of fundamental units. To show this we note that 
((E - EJ* + (Ed - &J2 + (Q - &)*)/2 = 27d 
and that ((P - pL1)2 + (Pi - ,u$)’ + (pti - ~)‘)/2 = d(q2 - qr + r2), where 
p=p+qe+rd is an integer of the field, and p+ =p + q# + r$, 
pti =p + q11/ + r0. It follows from Lemma 3 in [l] that E, cd form a pair of 
fundamental units if & > 3’/2, i.e., if B > 1. 
Since E + Ed + Ed = 9 - 3(9B* + 7)/2 < 0 it follows that none of E, Ed, EEL is 
totally positive. Equation (1) can also be written as 
+23(f3+23= -B4, (2) 
whence B divides the norm of A = (3B2 + 1)/2 - 8, and since B also divides 
the norm of 0 - c$, (B, A,0 - 4) is a proper ideal, 7~ say. The conjugate of 7t 
obtained by replacing 8, 4 by rl/, f3 is rc+ = (B, A, 4) and we have 
‘1~71~ = (B, 2, B,) and (71~)~ = (B2, 1, B2c$). 
Since, from (2), B2/A = fI( 0 + ( 3B2 - 1 )/2)/B2 = 4 + 28 + (3 B’ - 1)/2 is an 
integer, it follows that (7~7~~)~ is the principal ideal (A). 1 is totally positive 
and satisfies 
9B2+3 
E.*+_ B’L-B4=0, 
and if J is a perfect square then there exist rational integers x, y such that 
x2 - 2y = (9B’ + 1)/2, y’ ) 2B*x = (9B* + 3) B2/2. (3) 
From (3) we have 
x4-(9B2+1)x2+8xB2+(3B2-1)*/4=0 (4) 
and, by considering positive and negative values of x, we may replace the 
sign & by -. 
But, by the condition of the theorem, (4) gives no solution for x: hence 2 
is not a perfect square, 7~7~ is not a principal ideal, and the class-number of 
the field is even. 
REMARKS 
1 
If d has t distinct prime factors it is known that the class-number of the 
field is divisible by 3’- ’ (see [ 31). The case of greatest interest is when d is 
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prime and the theorem then shows that the field is non-Euclidean. If LI is 
prime then there is only one cyclic cubic field with discriminant d’, whereas 
if d is composite there is more than one, but the theorem applies only to 
the one defined by (1). 
2 
If (3B* - 1)/2 is a prime p then the only possible values for x to satisfy 
(4) are $1, i-p, +p* and, for B> 1, it can be verified that none of these 
do. 
3 
Calculations show that there are 73 values of B in [3,999] for which d is 
prime, and for all of these the condition of the theorem is satisfied. The 
values of B less than 100 are 3, 5, 19, 23, 25, 37, 47, 49, 51, 73, 77, 79, and 
93; the exact class-numbers corresponding to B = 3 and 5 were given by 
Gras [2]. 
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